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t""~" Abstract 
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We consider the supersymmetric quantum mechanical system which is obtained 
by dimensionally reducing d=6, N=l supersymmetric gauge theory with gauge 
group U(l) and a single charged hypermultiplet. Using the deformation method 
and ideas introduced by Porrati and Rozenberg pQ, we present a detailed proof of 
the existence of a normalizable ground state for this system. 
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1 Introduction 

The particular system, which we will consider, belongs to a class of supersymmetric 
quantum mechanical models. These models appear in the study of quantized membranes 
|21 , -D-brane bound states [3], and M-theory Especially the question of existence 
respectively absence of normalizable ground states, i.e., zero energy states, is of physical 
importance. The Hamiltonian of these models is of the form 

H = -A + V + H F . 

The scalar potential V is polynomial in the bosonic degrees of freedom and admits zero 
energy valleys extending to infinity while Hp is quadratic in the fermionic degrees of 
freedom and linear in the bosonic degrees of freedom. Moreover, the Hilbert space carries 
a unitary representation of a gauge group. The physical Hilbert space consists of gauge 
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invariant states. Due to supersymmetric cancellations, the zero energy valleys render the 
Hamiltonian to have continuous spectrum, which covers the positive real axis. Therefore, 
the Hamiltonian is non-Fredholm and the question about existence of ground states is 
subtle. The Witten index Iw, i.e., the number of bosonic ground states minus the number 
of fermionic ground states, can be calculated by means of 

I w = lim lim Tr((-l) F XiJ e-^) , 

where \r denotes the characteristic function of the ball of radius R centered around 
the origin in configuration space, c.p. f>\. Since there is no gap in the spectrum one 
has to deal with a delicate analysis of boundary contributions. As a different approach, 
Porrati and Rozenberg proposed in P a deformation method to detect the existence of 
normalizable ground states for systems with at least two real supercharges. One deforms 
the supercharges of the system with a real potential w, 

D^D W := e~ w De w , D f -> £>+ := e w D^e~ w , 

such that the spectrum of the deformed Hamiltonian H w := -D^-D^ + D^D^, becomes 
discrete. This might allow one to show the existence of a ground state ty w for the deformed 
problem. Provided that e ±w ^ w is normalizable, then, the original problem admits a 
ground state as well. Using this method the number of ground states for numerous 
models could be determined, 0. 

In this paper, we consider the quantum mechanical system which is obtained by di- 
mensionally reducing N = 1 supersymmetric gauge theory, with gauge group U(l) and 
with a single charged hypermultiplet from six dimensions. The system appears in the 
problem of counting H-monopole ground states in the toroidally compactified heterotic 
string 7\. Moreover, the same system describes the low energy dynamics of a DO-brane 
in the presence of a _D4-brane [HI Ej- String duality arguments predict the existence of 
exactly one bound state at threshold for this system, c.p. [TQJ . The existence of such a 
state provides a check of the correctness of these duality hypotheses. 

In jS] , an analysis was sketched of how to obtain the value one for the Witten index 
for this system. Combined with vanishing Theorems, [TT], such a result implies that the 
model has a unique ground state. Independently of the work in it was argued in 

how a deformation method may be used to establish existence of a ground state. In 
this paper we use this deformation method and follow the main ideas of PQ to present a 
rigorous proof of the existence of a ground state. In particular, we make the argument 
in pQ mathematically precise in two important aspects. First we prove the existence of a 
ground state for the deformed problem: we have to do semiclassical analysis on the space 
of gauge invariant functions and we have to deal with the fact that Hp is unbounded. In 
a second part we prove a decay estimate for the ground state of the deformed problem. 
In particular, we show that it decays sufficiently fast implying that the original problem 
also has a ground state. To obtain this decay property, we use an Agmon [T2] estimate 
and combine it with a symmetry argument. We think this is a clear and direct way to 
obtain the necessary decay. Alternatively one could also determine the asymptotic form 
of the ground state by analysing the effective dynamics along a potential valley. Such 
an analysis was indicated in [T]. Similarly one could use a supercharge analysis related 
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to the one in ^3] (which was used to determine the asymptotic form of the bound state 
of two DO-branes). Similar considerations have to be taken into account when using the 
deformation method to study the number of zero energy states for other supersymmetric 
models of the same type. Moreover, there are results about the structure of the DO-DA 
bound state [Hj. 

The paper is organized as follows. In Section 2, we describe the model. In Section 
3, we introduce the deformation method and give an outline of the proof, which is then 
presented in Section 4. 

2 The model 

The model is obtained by dimensionally reducing N = 1, U(l) supersymmetric gauge 
theory with a single charged hypermultiplet, from 5 + 1 dimensions to + 1 dimension 
[HIE]- The bosonic degrees of freedom are given by 

q = fe)j=i,..,4 e» 4 , and x = (a^)p=i,.„, 5 G R 5 , 

and their configuration space is X = M 4 x M 5 . Let pj, j = 1, 4, and fi = 1, 5, be 
the associated canonical momenta obeying, 

[qj,Pk)=iS jh , \x^f\ = ^ v ■ 
The fermionic degrees of freedom are described by the real Clifford generators 

A a ,a = l,...,8 and %jj a , a = 1, 8 , 
i.e., Aj = A , = V'a, and 

{A a , \b} = $ab , {^a, Ipb} = Sab , {A a , ^b] = . 

(Here and below { • , • } stands for the anticommutator.) By T we denote the irreducible 
representation space of this Clifford algebra. The dimension of T is 2 8 . We introduce as 
a preliminary Hilbert space 

H = L 2 (X;F) = L 2 (X) ®F . 
As given in Appendix A, we choose an explicit real irreducible representation 

7^ = (7^)a,6=l,...,8 , fi=l,...,5, 

of the gamma matrices in 5 dimensions, i.e., 
Furthermore we consider the real 8x8 matrices 

S i = (4 6 )a,6=l,...,8 , Z = l,...,4, 
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as they are defined in Appendix A. We note that s 1 = l 8x8 and (s l ) T = —s l for I = 2, 3, 4 
and that each s l commutes with the 7-matrices. We define 

Dot = \{q R s 2 q R ) ah , 

with 

q R = s l q 1 + s 2 q 2 + s 3 q 3 + s 4 g 4 , 
q R = s 1 q 1 - s 2 q 2 - s 3 q 3 - s 4 g 4 . 

We will use the convention of summing over repeated indices. The supercharges are given 
by 

Qa = {s 3 i))aPi + {l^aP* + D ab \ b + (Ys's^aX^Qj , = 1, 8 . 

Note, for any 8x8 matrix A we set {Aip) a = A a bipb, ipAip = ip a A a bipb, and likewise for 
expressions containing A a . The Hilbert space Ho carries a unitary representation of U(l), 
called the gauge transformation, defined by the generator 

J = W 12 + W M - l -i)s 2 i) , 

where = qiPj — qjPi- We set \x\ := (x^x^) 1 ^ 2 and |g| := (qiqi) 1 ^ 2 - The full model 
satisfies 

{Qa,Qb}=S ab H + 2^J , (1) 

with 

H = p^p^ + PiPi + \x\ 2 \q\ 2 + ^|<?| 4 - ix^^Ys 2 ^ + i2qj\s j s 2 ip 
= -A + V + H F , 

where we have defined 

V = \x\ 2 \q\ 2 + ^\q\ 4 , and H F = -ix^ip^s 2 ^ + i2q j \s j s 2 ijj . 
The Hilbert space of the model 7i is the U(l)-invariant subspace of H.q, i.e., 

n = g n 1 J* = o } . 

Note that the supercharges Q a are U(l) invariant and that on H the superalgebra (JTJ) 
closes, i.e., 

\Qa,Qb}\n = $abH\n . 

The Hilbert space 7io carries a natural representation of Spin(h) defined by the infinites- 
imal generators 

= - - ^(Xah + IpaA) , H,V = 1,...,5, 
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with 7^ = | [7^, 7"]. Under this representation the supercharges Q a transform as spinors 
and the Hamiltonian H is invariant. The action of Spin(5) commutes with the gauge 
transformation, and thus leaves the Hilbert space 7i invariant. 

We introduce the fermionic number operator (— 1) F := 2 8 AiA2...A8^i'?/'2---V'8, which 
anti-commutes with Q a and commutes with H, and decompose the Hilbert space by 
means of (— 1) F as 

H± := e H I = ±tf } , 

i.e., into bosonic (+) and fermionic (-) sectors. 

We note that the operators Q a and H are essentially self adjoint on C^°(X;JF). Fur- 
thermore their restriction to Tt is essentially self adjoint on the space of U(l)-invariant 
functions in C^(X;J r ). 

3 Result and outline of the proof 

The main Theorem is the following: 

Theorem 1. There exists a state \P G 7i with = 0. 

To prove this theorem, we use the deformation method introduced in [I]. We consider 
the "complex" supercharges D and D\ 

D = -L(Q 1 + iQ 2 ) , £>t = _L( Ql _ X Q 2 ) . 
On H, D 2 = Dt 2 = and 

H = {D,Di}. (2) 
We define the U(l)-invariant function w k on X, by 

w k = k ■ x 1 , for k > . 

We introduce the deformed supercharges 

D k = e~ Wk De Wk , D ] k = e Wk D ] e~ Wk . 

We have 

D k = D - ^((7^)1 + 1 ( 7 1 A) 2 ) , D\ = D^ + ^((7^)1 - 1(7^)2) . 

As a little calculation shows, we have on Ti, 

Hk — {D k , D\} , with tf.^tf + ^ + ^ + ^-^ + g 2 ). 

We point out that the deformed Hamiltonian is Spin(5) invariant, despite that the function 
w k = k ■ x l is not. 

The claim of Theorem ^ is an immediate consequence of the following three proposi- 
tions. 
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Proposition 2. If for some k there exists a state ty k G Ti with H k ty k = such that 
e ±Wk ^ k G Ti, then = for some state * G Ti. 

Remark. Proposition |2 holds for more general supersymmetric quantum mechanical 
systems and deformations, c.p. pQ. 

The proof of Proposition which is presented in Subsection 14.11 makes use of the Hodge 
decomposition and a cohomology argument. 

Proposition 3. For k large enough, there exists a unique state \& G Ti with H k ty = 0. 

Remark. Proposition |3] implies that H k admits a zero energy ground state for all k > 0. 
This follows from the stability of the Fredholm index of the continuous family of Fredholm 
operators, (0, oo) 3 k \— > A k := 2~ 1 / 2 (D k + D^ k )\- H _ : Ti- — > Ti + , where the topology is 
given by the graph norm with respect to A , see for example j!5j . However, we will not 
use this fact to prove Theorem [T] 

To prove Proposition which is done in Subsection 14.21 we first observe that the set of 
points, in which the scalar potential of the deformed Hamiltonian, i.e., 

V k = V + k 2 - k(ql + ql) + k(q 2 3 + q 2 4 ) , 

vanishes, is a circle in configuration space X (see e.g. ©). Its radius is proportional to 
k 1 ! 2 . The circle is an orbit of the t/(l) action on X. In the direction orthogonal to the 
circle the Hessian of V k is non degenerate. Note that up to gauge transformations the 
scalar potential vanishes exactly in one point. Moreover, at infinity the potential V k is 
bounded below by k 2 . Using semiclassical analysis of eigenvalues, as given for example in 
[IB], together with a gauge fixing procedure, we show that there exists only one low lying 
eigenvalue for k — > oo. In particular, we have to consider the fact that Hp is unbounded 
from below. By supersymmetry this low lying eigenvalue must equal zero for large k. 

Proposition 4. For k > 0, a state \I> G H with H k ^ = satisfies e ±Wk ^ G H. 

For the proof of Proposition 01 which is given in Subsection 14.31 we need to show 
that \1/ decays sufficiently fast as \x\ — > oo. We write the Hamiltonian as a sum of a free 
Laplacian in the x-variables and an x-dependent operator, which describes the dynamics 
in the transverse direction. We show that the latter is bounded below by k 2 — c\x\~ 2 for 
some constant c and \x\ large. Using an Agmon estimate we then conclude that 

| a: |- 1 e fc l a; l\|/ 

is square integrable at infinity. As will be shown, this together with the fact that ^ is 
invariant under Spin(5) yields e ±Wk ^ G TC. 

Remark. To be precise, the operators D, D\ D k , D\ and H k are defined in TLq and Ti, as 
the closure on C£°(X; J 7 ) and C£°(X; JF) n H, respectively. The domain of D is the set 
of all \1/ in TLq and Ti such that (defined in the sense of distributions) is again in TCq 
and H, respectively (and analogous for the domains of D\D k ,D\,H, and H k ). Indeed, 
(resp. Dl) is the adjoint of D (resp. D k ). 
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4 Proofs 



4.1 Proof of Proposition [2] 

We shall first show the Hodge decomposition 

H = ker H © RlmD © RanL>t . (3) 

To show the orthogonality, we note that 

(DV,D*$) = (X> 2 ^,$) = , 

with * G V{D) and $ G P(,D t ), and \I/ G ker if iff _D\I/ = and £)t^ = 0, by ©. To 
show the completeness, we note that for each \1/ G (kerif)- 1 , 

= lim ipIJt + Dt^lp ( ff )«r 

aj.0 Z il 

= lim (±D{D^P M {H)^) + ~rf(D±P (a>oo) (H)*)\ 
= lim \d{D^P m {H)^) + lim itftp . 

a|0 Z a|0 Z SI 

By Pn(H) we denoted the projection valued measure of H, and the last equality follows 
since the two terms belong to different orthogonal subspaces. Hence we have shown (J3J). 

The equation H k ^ k = implies D k ^ k = and D\^ k = 0, and further De Wk ^ k = 
and D^e~ Wk ^ k = 0. Assume ker if = {0}. Then 

e Wk ^ k G ker D = R&nD^ = RlmTJ 
by the Hodge decomposition. It follows that e Wk ^/ k = lim^oo -D$ n for some $ n , but then 
(tt fc , **) = (e tt ** fc , e- Wk V k ) = lim (D$ n , e^*^) = lim ($ n , L>V^ fe ) = . 

ra— >oo n— >oo 

This is a contradiction, and hence ker if ^ {0}. □ 

4.2 Proof of Proposition [31 

We shall first rescale the operators H k , D k and D\. For $6W and t > 0, we define the 
unitary operator 

(c/(0*)(e) = * 9/2 *(*e), 

where £ = (q,x). Furthermore, we define 

K t := t 2 l 3 U{t l l 3 )H t 2 /3 U*{t 1 ' 3 ) 
F t := t 1/3 U(t 1/3 )D t2/3 U*(t 1/3 ) 
F} := tWutf^D^lTp'*) . 
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It follows that on TC 



{F t , F$] = K t 



0, 



and 
where 



K t = -A + tVi + tH f 



V, = \z\*\q\* + ^|g| 4 + 1 + (q 2 3 + qj) - (qf + q 2 2 ) . 



Proposition |3] follows from 

Lemma 5. Let E n (t) denote the nth eigenvalue of K t counting multiplicity. Then 

lim E x (t) /t = and lim inf E 2 (t) /t > r > . (4) 



t— >oo 



By supersymmetry, each non-zero eigenvalue of K t must be two fold degenerate, i.e., 
occur as the eigenvalue of a pair consisting of a bosonic and a fermionic eigenvector (see 
Theorem 6.3., [IE])- In view of (jlj), for large t, two fold degeneracy of E±(t) is not possible. 
Hence E\(t) = 0. Moreover, this eigenvalue is nondegenerate. 

Proof of Lemma\^ Writing the deformed potential V\ as 



2- 
?2, 



(5) 



Vx = \x\ 2 \q\ 2 + (l(qt + q\) - l) + {q\ + q\) (l + \{<£ + q\) + \{q\ + 
we see that the set of points T in which the potential V\ vanishes is given by 

T := {(q,x) eX \V 1 (q,x) = 0} 

= {{q, x) G X | ql + q\ = 2, q 3 = 0, g 4 = 0, x = } . 

The set T is a circle in the (qi, g 2 )^plane about the origin with radius v2. The Hessian 
of V\ at points lying in V is 



(HessVj 



l)aP\ r 



d 2 V x 
d£ a d£P 






41 2 x2 

41 5x5 



a,p = 1, ...,9 , 



with £ 9 ) := (qx, g 4 , x 1 , x 5 ) and r, s = 1, 2. At a point p G T, the tangent to T 

is the only degenerate direction of the Hessian. 

To show that there exists only one low lying eigenvalue, we will fix the U(l) gauge. 
For to G L X (X) with (W\2 + Wm)u = 0, we may integrate out the coordinate q% as follows. 
We introduce the coordinates 



$ : [0, 2tt] x [0, oo) x M 2 
( <* \ (qi\ / 

p , > q.2 

\ v 4 J \q 4 ) \ 



cos a — sin a 
sin a cos a 



cos a — sin a 
sin a cos a 



\ / o \ 

P 

\v 4 ; 



) 



with a = arctan(g 2 /<?i) and p = (qf + q^) 1 ^ 2 - The metric determinant is v det D& T D& 
| det -D$| = p, and 



/ dq\...dqid 5 xuo{q 1 x) = 2n / 
^M 4 xIR 5 J a 



(0,oo)xR 2 xl 



dpdv3dvid 5 xpuj((0, p, v 3 , V4), x) . 



The integration on the right hand side is reduced to the gauge fixed configuration space 



X := {0} x (0,oo) x 



C X. We introduce the Hilbert space 
H := L 2 (X;F) 



w.r.t. the Lebesgue measure of X, and we denote its canonical scalar product by ( • , • )gf- 
We define the isometry 



H — > H 

\fr 1 — > $ ;= y/2np^\ 



(6) 



x ■ 



By M = — ^ipsip we denote the spin part of J. From \1/ we may recover \1/ through 



${q,x) 



-laM 



^(0, p, q 3 cos a — g 4 sin a, g 4 cos a + g 3 sin a, x) 



(7) 



Under the isometry the corresponding transformation for the operators A £ £(H), 
i.e., A ^ A e £(H), is characterized by 



For / £ C °°(X), one has 



WW 

?2 



where the function / is restricted to X only after the derivatives are performed. Applying 
this result to the function df/dqi, using the commutation relation [Wi 2 ,d/dqi] = id/dq 2 
and again ©, one finds 



d d 



f 



x 



1 d 



1 



<?2 dq 2 q\ 



3^12 / 



X 



dqi dqi 

We set L:=J- W 12 . Then for ^ £ H, 

Note that L = v 3 (-id/dv A ) - v 4 (-id/dv 3 ) - ^s 2 ^. For ^ £ 7i H J"), a straight 

forward calculation yields 



<9gi dq x 



1 9 



p dp ' 2p 2 
9 



1 $+4^ 2 $ 
p 2 



and 

/ d d T \ d d ~ 10- 3 1- 

\p = \[/ -| if v]> . 

\ dq 2 dq 2 J dp dp pdp 4 p 2 

As a result 

(-Atff =(-A^+p- 2 (L 2 -i))$, (9) 
where A^ is the formal Laplacian on X. We will use eq. © only for functions in 

We use the following partition of unity. We define 

JiAO = Xr{t 2, \{ql + qlf 12 - y/2)) ■ Xa(t 2/5 (q3,q4,x)) , £ = (q,x), 

where for a = r,a, we have chosen rotation invariant functions Xa £ C^°(lR na ) with 
n r — 1, n a = 7, < Xa < 1> Xa( x ) = 1 if |x| < 1 and if \x\ > 2. Let i? > 1 be fixed as 
t - oo. We choose j 2 G C°°(X) with j 2 (£) = j 2 (|£|), < j 2 < 1, j 2 (£) = 1 for |£| > 2R 
and j 2 (£) = for |£| < i?. Furthermore we set 

Jo,:=(l-jh-f 2 ) 1/2 . 

For technical matters we consider the embedding X ■=— > X := {0} x R 8 and the coordinates 
(0, r? 2 , r/ 9 ) G X. By r/ we denote the intersection of X with T, i.e., r/ = (0, v^2, 0, 0). 
We define 

1 9 

V i(v) = g E (HeBsViMifr)(if - - rf) . 

o,/3=2 

and introduce the following operator on L 2 (X; J 7 ) 

G t = -A jc +t 2 V 1 ° + tH F (r ]0 ) , 

where Hf(tjo) = —i2^/2(X 1 ipi + ...X%tps) T ^ T denotes the evaluation of Hp at 770 and 
— Aj£ the eight dimensional Laplacian on X. For x £ ^(X^J 7 ), we define the unitary 
transformation 

(T(t)x)fo)=* 2 x(* 1/2 fo-»*>))- 

Then 

= -Ajf + -(Hess^M^r/V + H F ( Vo ) . 

The eigenvalue problem for this operator can be solved easily. It has purely discrete 
spectrum and its ground state $° has zero energy and is non degenerate: the sum of 
the first two terms is a harmonic oscillator, which acts on L 2 (X) and has ground state 
energy 8v2, and Hp(r)o) acts on T and has a unique ground state with energy — 8a/2, see 
Appendix B (i). 
Define 

* t := ?i, t T(t)$ G C °°(X; T) - L 2 (X; J 7 ) . 
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We recall that the corresponding [/(l)-invariant wave function in f ( G W is obtained 
using (J7J). Calculating the energy of this state, we find 

= (%, (-A 2 + p- 2 (P - \) + ev, + tH F )%) Gp 
= ($t,GA) GF + (%,p- 2 (L* -\)%) GF (10) 
t 2 (t>! - V?)* t ) OF + <**, t(H F - H F (ij°))* t ) aF ■ 
For the first term in ([10jh we find for t — > oo, 

<§ t ,G t § t ) GF = <T(t)$°,j lit Gj lit T(t)$°) GF 

= (T(t)S°, (i?&G t + + |V J M | 2 )T(f)<&°) 

= 0(t 4 / 5 ), 



where we denoted the gradient on X by V^, and we used that G t T(t)&° = and 
II^x^'mIIoo = 0(t A ^). By rotation invariance of $° in the 1*3, 1*4 variables, the second 
term in (fTUj) is an order one term. The estimate 

\t 2 Ht(Vi ~ Vx)\ < const • t*j£ t \ri - r/ | 3 < const • t 2 ■ t" 6/5 (11) 

yields ($ t ,£ 2 (V"i - V°)$ t )GF = 0(t 4/5 ). And a similar estimate, 

\tj 2 t (H F ( Vo ) - H F ) | < const • tj 2 , \r] -m\< const • t • r 2/5 , (12) 

gives 

(* u t(H F - H F (r]o))$t) GF = 0(t 3 / 5 ) , 
as t — > oo. Collecting terms, we find 

(^,i^vl/ t > = 0(t 4 / 5 ), 

which implies that lim£_ KX) .E'i(£)/£ = 0. This shows the first part of 
To prove the second part, i.e., 

liminf E 2 (t)/t > r > , (13) 

it suffices to show that there exists an r > such that 

K t >{t-r + o{t))l + Rt, (14) 

where R t is a symmetric, rank one operator. To see this, suppose (JT3)l holds. Let u>i it 
and u)2,t be the eigenvectors to the eigenvalues E\(i) and ^(t) of K t , respectively. There 
exists au ( e Span{cji it , u; 2i t} in the kernel of R t . Hence 

£ 2 (t)IM| 2 > (utiK&t) > (t ■ r + o(t))\\u t \\ 2 
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which implies (113)) . 

To show ()14)) . we use the IMS localization formula 

1 1 

K t = Y,Ja,tK t]a , t +J 2 K t]2 -Y,\^JaA 2 -\Vj 2 \ 2 . (15) 
a=Q a=0 

Now, supp(j 0l t) C^G X|dist(e,r) > r 2 / 5 }. We have ||Vj a , t ||^ = 0(i 4 / 5 ) for a = 0, 1, 
and HV^HL = 0(1). We estimate 

jo,tK t j ,t > t 2 j Qtt Vij^t + tjo, t H F j ,t 

> (t 2 t~^ 5 cv — tcp)jQ t , for some cy > 0, c F > 

> t ■ rj 2 t , for some r > , (16) 

and for t large. By fixing the gauge, we have on L 2 (X; T) 
ji,tK t ji,t = ji,tG t ji,t + h,tt 2 (Vi - Vi)ji,t 



+j ljt t(H F - H F (rj ))j 1>t + 3i,tP~ 2 (— A + L 2 ) Jl>t 

> % t tr (1 - \T{t)^) GF ■ GF (T(t)^\)lu + 0{t^) , 

for some r > 0, where we have used the positivity of L 2 , the estimates (|llll!2j) . and the 
gap in the spectrum of G t . On H, this yields 

h,tKtj U > t • rjl - t ■ r\%) -(%\ + 0(t 4 / 5 ) . (17) 

To estimate the term j 2 K t j 2 , we recall the explicit form of K t : 

K t = p l p i +pV + t 2 ( K \x\ 2 \q\ 2 + \\q\ A +l-(qi + q 2 2 ) + (qt + q 2 S) 
+t(-ix t *^s 2 ?p + 2iq j \s j s 2 ip) . 

We recall the notation £ = (q,x). Define a function 9 E C°°(X) with #(£) = 6>(|g|), 
< 9 < 1, 9{\q\) = 1 if \q\ > 4 and 9{\q\) = if \q\ < 3. Define 9 := V / T^ 2 . Then 

hK t j 2 = j29K t 9j 2 +j 2 9K t 9j 2 -j 2 (\V9\ 2 + |W| 2 )j 2 . 

The localization error gives order 1 contributions, i.e., || V6 1 1| ^ = 0(1), || V^|| ^ = 0(1). 
First we consider the case where \q\ is large and estimate (see Appendix B (i) for the 
terms containing fermions) 

jpjf > , -ix^^s 2 ^ > -A\x\ , 2iqj\s j s 2 ij > -8\q\ , 

PiPi + t 2 |x| 2 |g| 2 + t(-ix^ipYs 2 ip) > PiPi + t 2 \x\ 2 \q\ 2 - 4t|x| > , 

where the last inequality follows from the ground state energy of the harmonic oscillator. 
This yields 



j20K t 9 j2 > j 2 ^ 2 (J|g| 4 -|g| 2 + l)-8t|g|)^ 2 
> t 2 -cj 2 2 9 2 , 



12 



for some c > and t sufficiently large. For points £ = (q,x) G suppj'2, if \q\ < 4, then \x\ 
is large for sufficiently large R. We have 

j20K t 9 j2 > j 2 d(p iPl + t 2 \x\\l~\x\- 2 )\q\ 2 -At\x\+t 2 ~%t\q\)j 2 9 

> j 2 6(t(4\x\(l - |x|- 2 ) 1/2 - 4|x|) + t 2 - 32t)j 2 6 

> t 2 -cj 2 9 2 , 

for some c > and t sufficiently large. Hence there exists an r > such that for large t, 

j2K tj2 >t-rj 2 . (18) 
Now, inserting eqns. (fToTfTHj) into yields (JHJ) and therefore (JT3J) ■ □ 

4.3 Proof of Proposition |4] 

We decompose the Hilbert space 7io as a constant fiber direct integral J7j, with fiber 
F := L 2 (IR 4 ; JF), 

/•e 

7io = / Fdx , 

the isomorphism being \& 1— > (x 1— > ^ := The Hamiltonian has a direct integral 

decomposition, 



where the fibers acting on F, are given by 

H Kx = H° x + ^|g| 4 + + k 2 - k(q 2 + q\) + k{q\ + g 4 2 ) , 

with 

Hi ■= PiPi + \x\ 2 \q\ 2 - ix^ipYs 2 ^ ■ 

The scalar product, the norm and operator norm in F will be denoted by (•, -)p and 
|| • respectively. Let P x be the projection onto the eigenspace of corresponding 
to its lowest eigenvalue, which is, in fact, zero. We set P x :— 1 — P x , and we define the 
projection 



P= / P x dx, (19) 

and its complement P 1 - = 1 — P. As is shown in Appendix B (ii), for x 7^ 0, 

RamR, = { E x ■ £ | £ G T with (uif>)£ = 0, V u : -i^x*s 2 u = |ac|u} , 

where ^ 

2x(g) := (|x|vr)- 1 exp(--|x||g| 2 ) . 
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Lemma 6. There exists an R > and a constant c > depending on k, such that for 
\x\ > R 

Hk,x > k 2 — c\x\~ 2 . 

Proof. Since all elements in RanPj. are spherically symmetric in q it immediately follows 
that 

P x H ktX P x > k 2 P x . (20) 

We estimate, c.p. Appendix B (i), 

2iqj\s : 's 2 ip > —8\q\ , and — k{q 2 + q 2 ) > —\x\~ 1 k(\x\~ 1 p i p i + \x\\q\ 2 ) . 

Hence 

H k , x > \x\(l - [xl'^Qxl^PiPi + \x\\q\ 2 ) + \x\~ l piPi + \x\\q\ 2 
-ix^ipYs 2 ^ - 8|g| - [xl^k^x^piPi + \x\\q\ 2 ) + k 2 
> \x\(l - - klx^dx^PiPi + \x\\q\ 2 ) - ix^tp^s 2 ^ - 16|x| _1 + k 2 , 

where we used |x||g| 2 — 8|g| > — 16 |a; | ~~ 1 in the last inequality. The range of P^r is given by 
the closure of the set of linear combinations of states which are a product of an eigenstate 
of PiPi + |x| 2 |g| 2 and an eigenstate of —ix^ip^^s 2 "^, excluding states which are a product 
of two ground states. Thus 

P^H k ^>{c a \x\ + k 2 )P^ (21) 

for some c° > and large |x|. 

Using that || (gl^P^Hi? < c a \x\~ a ^ 2 from the Gaussian decay of states in RanP x , 

\\P^H h>x P x \\ F = \\p^(\q\*/A-k{ql + ql) + k(ql + ql) + 2iq 3 \sis 2 i))P x \\ F 
< c^ 1 ' 2 

for some c > and large \x\. By the self adjointness of H kjX also 

\P x E Kx P^\ F <c\x\~ 112 . (22) 
Let u x G V(H Kx ) C F. Then from (|2D jl . (|2T |l and 

{u x ,H k , x u x ) F > k\\u x \\ F +[ ,' , , \ Ak x 



\PZu x \\f J K ' x \ ll^",H/-' 
> (k 2 + inf m=1 (^ A k , x 0) \\u x \\ 2 F 

with 

( -c\x\~V 2 
' V -c\x\~ 1 ' 2 c°\x\ 

We have 

inf ||£||=i(f, A kjX £) > -c\x\' 2 , 
for some c > and large Hence the Lemmma follows. □ 
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Let R > 1 be as in Lemma El and let rj : M. 5 — > W be a smooth function with 
r](x) = r)(\x\), < 77 < 1, llVr/Hoo < 1, i](x) = for \x\ < R and r](x) = 1 for \x\ > 3R. 
The deformed supercharge 

Qi,fc = Qi + A:(7 1 A) 2 = -^p fc + Dji) (23) 

satisfies on H, 2(Q hk ) 2 = {D k , D\} = H k . Hence for ^ EH, H k m = iff Q 1>k ^> = 0. 

Lemma 7. Let m eH with H k ^> = 0. TTien /or any e > 0, |a;| -1 / 2 - 6 e fc l !B l77* G H. 

Proof. It is sufficient to show the claim for arbitrarily small e. To prove the lemma, we 
use an Agmon estimate [T2j . Let /i : 1R 5 — > [0, 00) be a smooth function such that the set 

K = {x G M 5 | A; 2 - c\x\~ 2 - |V/i(x)| 2 < } 

is compact. Then, as we will show, 

f ri 2 \\y x \\ 2 F {k 2 -c\x\- 2 -\Vh(x)\ 2 )e 2h dx<M \\y\\ 2 . (24) 

where 

M := sup |(1 + 2\Vh{x)\)e 2h{x) \ < 00 . 

R<\x\<3R 

Define h a := h(l + a/i) -1 . Then, by Lemma El 

(rje ha V, H kV e h ^) > [ { V e h ^ x , H kjX r]e h ^ x ) F dx (25) 

J* 5 

> [ 7] 2 e 2ha (k 2 -c\x\- 2 )\\V x \\ 2 F dx . 

We estimate 

(T]e ha ^,H k T]e h ^) = 2(Q hk r ] e h ^,Q ltk r ] e ha V) 

= 2([Q ltk , V e h "]y,[Q hk , V e h «]y) 

< (|V(ne^)| 2 ^,^) 

< ((\Vri\ 2 + 2(Vr ] )(Vh a )r ] +\Vh a \ 2 r ] 2 )e 2ha V,y) . 
Inserting this into inequality (J2HJ), we obtain 

I a ■= [ V 2 e 2ha {k 2 -c\x\- 2 -\Vh a \ 2 )\\V x \\ 2 F dx 

< ((\Vv\ 2 + 2\Vr]\\Vh a \r])e 2ha ^^) 

< Moll^f . 

Using Fatou's Lemma on the set K c and dominated convergence on K yields 

+ I \r] 2 \\^x\\ 2 F{k 2 -c\x\~ 2 - \Vh\ 2 )e 2h dx < liminf I a < M \\^\\ 2 
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and hence (|24p . 

We choose h such that on the support of rj, h(x) = k\x\ — elog \x\. Then 
k 2 - c\x\~ 2 - \Vh(x)\ 2 = 2ke\x\~ 1 - (c + e 2 )|x|~ 2 > ke\x\^ , 
for large |x|. Hence, by (|24j) 

/ dx^W^xWle^kelxl- 26 - 1 < oo , 

</R 5 

which proves the Lemma. □ 

Proof of Proposition ^] We recall that the deformed Hamiltonian commutes with the 
action of Spin(5). Let k be sufficiently large such that \1/ is the unique zero energy state 
of iffc. Thus \l/ belongs to a one dimensional representation of Spin(5), and therefore 
it is Spin{h) invariant. Let R(S) denote the image of S under the canonical projection 
Spin(5) — > SO(5). By 1Z(S) we denote the spin part of the Spin(5) action, i.e., the 
representation generated by — jlab (^a^b + ipa^b)- Then 

V(q, R(S)x) = K(S)V(q, x) , V S e Spin(5) . 

This implies that for x,x' G M 5 with \x\ 



\x'\ 



|*x|f = |*«'|f • 

We set uj = x/\x\. Let dfl denote the surface measure of the unit sphere. Then 

Js 4 Jo 

< vo\(S 3 ) J e- 2k ^ {1 - cose) 2(l-cos6)dcos9 



< const | a; | 
For the ground state $ £ W of H^, we have 



-2 



y e ±2tel |^(g,a;)| 2 rfgdx = ^ e ±2fea;1 \* X \ 2 F dx 

= J(l-ri)e ±2kxl \y x \ 2 F dx + J 7]e ±2kxl \^ x \ 2 F dx 

< const + J r]e ±2kxl e~ 2k ^e 2k ^\^ x \ 2 F dx 

<const + const J rj\x\~ 2 e 2k ^\^ x \ 2 F dx 

< oo , 

where in the last step we have used Lemma [7| □ 
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Appendix A 

In this appendix we mainly follow We consider the quaternions with generators 

1,1, J, K satisfying the relations 

I 2 = -1 , J 2 = -1 , K 2 = -1 , UK = -1 . 

A quaternion can be expanded as 

q = q 1 l + q 2 I + q 3 J + q 4 K . 

The conjugate is given by 

q = q 1 l-q 2 I -q 3 J - q 4 K . 

We note that qq = qq = \q\ 2 . By 1 R , I R , J R , K R we denote the matrix representation, with 
respect to the basis (1, /, J, K), of the right multiplication with 1, J, J, K, respectively We 
have 



rR 



( -1 \ 

10 

1 

\0 -10/ 



J 



( -1 \ 

-1 

10 

\ o i o o ) 



K 



R 



( -1 \ 

10 
0-100 

\ 1 J 



Note that (AB) R = B R A R with A, B e {1, /, J, K}. We define the matrices 



1 R 
1 R 



I R 
I R 



J R 
J R 



K R 
K R 



We remark that (s l ) T = —s l for I = 2,3, 4. We choose the gamma matrices as 



7 



1 4X 4 
-I 4X 4 



7 



I 4 X4 
1 4X 4 



7 



K L 
-K L 



with 




where a 1 , i = 1,2,3, are the Pauli matrices and the superscript L indicates that the 
matrix corresponds to left multiplication. Using that left multiplication commutes with 
right multiplication one sees that py M , s- 7 ] = 0. 
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Appendix B 

(i) Consider a real antisymmetric 16 x 16 matrix S and the Clifford generators denoted 
as i?g, $ 9 , = (t/>i, V's? ^1; ••■) As)- We will show that the map 

16 
a,b=l 

has a ground state £ G .F, which is determined by the condition that 

16 

J><A£ = ° ( 26 ) 

a=l 

for all eigenvectors t> of iS with strictly positive eigenvalue. The ground state energy is 
— ^try/S^S. If S is invertible the ground state is unique. 

The matrix iS is hermitian. Let v be an eigenvector of iS with eigenvalue A, then v 
is an eigenvector with eigenvalue —A. Hence we have the spectral decomposition 

8 

iS »,(/"• P j ). A,->0, 

3=1 

where P J± are orthogonal projectors with (P- 7 *) = P J=F . This yields 

16 8 16 

e ^06*6 = e x i E o^** - 

a,fe=l j=l a,6=l 

8 16 8 

= E 2 ^E^ p i^-Ev 

3=1 a,b=l j=l 

Therefore, the ground state £ satisfies ()26|) and has energy — Y^=i = —^VS t S. If 
S is invertible then there are exactly 8 linearly independent eigenvectors with strictly 
positive eigenvalue. By the irreducibility of J 7 , the condition then determines the 
ground state uniquely. 

(ii) Now, let us consider the special case —iipx fl 'j fJ 's 2 ip. The vector £ G JF is a ground 
state of —iipx tJ- 'y fl s 2 ijj if and only if 

N0£ = o 

for all u satisfying —i r y^x^s 2 u = \x\u. We define 

W x := { £ G .F | £ is a ground state of — itpx^j^s 2 ^ } . 

The operators A a leave this space invariant and act irreducibly on it. Thus dim W x = 2 4 . 
The ground state of the harmonic oscillator piPi + |x| 2 |qi 2 is 

= (kk) _1 exp(--|z|g 2 ) . 
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By P x we denote the projection onto the ground state of 

H° x = + \x\ 2 \q\ 2 - iipx^^s 2 ^ . 

The harmonic oscillator part commutes with the fermionic part. The ground state energy 
of H® is zero and 

RamR, = { E x ■ £ | £ e T with (u^)£ = 0, M u : -i^x^s 2 u = \x\u} . 
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